We investigate shock isolation designs based on nonlinear energy pumping caused by nonsmooth stiffness elements. In particular, we numerically study the shock isolation properties of a primary linear system of two coupled nonconservative oscillators with weakly coupled attachments possessing clearance nonlinearities. Under shock excitation the nonlinear attachments (termed nonlinear energy sinks -NESs) can be designed to absorb a significant portion of the input energy, thus enhancing the shock isolation performance of the primary system. In contrast to the classical linear vibration absorber whose operation is restricted to narrowband frequency ranges, the NESs are capable of efficiently absorbing energies caused by transient broadband disturbances, a feature that facilitates their implementation in practical applications. Moreover, the nonsmooth nonlinearities considered in this work are easily implementable since they are realized by means of linear stiffness elements.
Introduction
In this work, we study the shock isolation properties of a system of two coupled nonconservative linear oscillators with attachments possessing nonsmooth nonlinearities. In recent works [Gendelman, 2001; Vakakis & Gendelman, 2001; Vakakis, 2001 ] it was theoretically and numerically shown that properly designed nonlinear attachments with essential nonlinearities can act, in essence, as nonlinear energy sinks (NESs); that is, they passively absorb energies generated by transient disturbances in the main system to which they are weakly attached. Interestingly, it was also found that in contrast to the classical linear vibration absorber whose effectiveness is restricted to narrowband frequency ranges, NESs effectively absorb energies of broadband transient disturbances. The dynamic phenomenon of transient, one-way, irreversible passive energy transfer from a main (linear) nonconservative system to a nonlinear attachment was termed nonlinear energy pumping in the aforementioned works. The underlying dynamics governing this phenomenon is a 1 : 1 resonance capture on a resonant manifold of the combined system [Neishtadt, 1975; Arnold, 1988; Lochak & Meunier, 1988; Quinn & Rand, 1995] .
In previous works NESs were considered with smooth and essential (nonlinearizable) nonlinearities that enabled resonance interactions of the NESs with modes of the (linear) main system possessing arbitrary eigenfrequencies. This may lead to resonance capture cascades , where, with decreasing overall energy due to damping, a NES interacts consequently with a series of linear modes (typically from high to low frequency), extracting a certain amount of energy from each before interacting with the next.
In the present work we consider NESs with nonsmooth nonlinear elements, namely clearances or vibro-impacts, and examine their effectiveness as shock isolators. Apart from the fact that such nonsmooth elements induce strong nonlinearities to the system, they are rather easy to implement in practical settings since they are realized by means of linear stiffnesses. This makes the design easy to implement and validate experimentally with realistic forcing conditions. For works on systems with nonsmooth nonlinearities we refer to [Awrejcewicz & Lamarque, 2003 ] and references therein.
In addition, it will be shown that energy pumping occurs in a faster scale when NESs with nonsmooth nonlinearities are employed, making such nonsmooth elements good candidates for shock isolation designs, where rapid passive absorption and elimination of vibrational energy is highly desirable. In this work we will study numerically the effects of NESs with nonsmooth nonlinearities on the transient dynamics of the system. In addition, by introducing certain quantitative measures we will evaluate the efficacy of using this type of NESs as shock absorbers. We point out that in a similar study Vakakis [2003] investigated numerically the shock response of systems possessing NESs with smooth but high-order nonlinearities; fast early time energy pumping to the NESs was observed in these systems, a feature that significantly reduced the (critical) early time response of the system under shock excitation. In the next section we give a brief introduction to nonlinear energy pumping.
The Concept of Nonlinear Energy Pumping
As indicated above, the term energy pumping is used here to refer to the irreversible transfer of vibration energy from its point of generation into a predetermined spatial area (the nonlinear energy sink ) in which the vibration localizes and eventually dissipates. It is to be emphasized that this transition of energy is controlled (i.e. it occurs over a wide range of initial conditions of the excitation), and it is one-way (i.e. energy does not flow out of the localizing area).
There is an obvious advantage of such features in the context of vibration isolation: it promotes a very robust behavior of the isolator under a variety of excitations and without relying upon "special" procedures for eliminating the unwanted motions.
To demonstrate the concept of nonlinear energy pumping we consider a linear (main) structure with finite degrees-of-freedom (DOF) that is weakly coupled to a local essentially nonlinear attachment possessing a nonlinearizable stiffness nonlinearity of the third order in parallel with a viscous dashpot (modeling energy dissipation). As shown by , energy pumping from the linear structure to the nonlinear oscillator occurs under the condition of 1 : 1 resonance capture [Neishtadt, 1975; Arnold, 1988] , whereby the nonlinear oscillator resonates transiently with a mode of the linear subsystem, and energy is transferred (pumped) to the nonlinear attachment in a one-way, irreversible fashion. In that case the nonlinear attachment acts, in essence, as a nonlinear energy sink (NES). We note that due to its essential nonlinearity, the NES lacks a "preferential" resonance frequency and, as a result, can resonate with any of the (N +1) modes of the linear structure, depending on the instantaneous energy of the vibration. Moreover, as shown in , cascades of resonance captures are possible, wherein the NES resonates with a sequence of modes, extracting from each mode a certain amount of energy before proceeding to the next. Resonance capture cascading is caused by energy dissipation in the system, which, with increasing time (and decreasing overall energy) induces resonances of the NES with modes of the linear subsystem at monotonically decreasing frequencies. Moreover, damping is a prerequisite for energy pumping, since no resonance capture can occur in this type of conservative oscillators.
As an example of energy pumping, we consider a three-degree-of-freedom (DOF) system consisting of a two-DOF linear (main) system weakly coupled to a strongly nonlinear attachment (the NES) :
The two modes of the linear system have frequencies ω 0 = 51.6 and ω 1 = 72.97, and the system parameters are assigned the values, ελ/µ = 0.039, ελ = 0.009, ε = 0.15, ε/µ = 0.45, d = 0.5, C/µ = 15.02. We assume zero initial conditions and external excitation,
0, t>T
with F 0 = 160 N and T = 0.02 sec. The transient (broadband) force excites initially both the in-phase and out-of-phase modes of the linear structure, and gives rise to a resonance capture cascade. In Fig. 1 
where E tot = 2.55872 Nm is the total energy applied initially to the system. In Fig. 1 In what follows we will extend the nonlinear energy pumping results by numerically studying energy pumping by NESs possessing piecewiselinear stiffness nonlinearities. The use of such nonsmooth stiffness elements provides some distinct advantages over smooth nonlinearities regarding shock isolation, namely,
• they can be easily constructed, and, hence, are readily implementable into practical NES designs • they can lead to rapid nonlinear energy pumping, thus enabling the NES to absorb a major portion of the unwanted shock-induced energy during the crucial initial stage of the response; hence, an NES with piecewise stiffnesses can be most effective at the initial stage of the motion, not allowing the response of the protected structure to reach unwanted high levels due to the applied shock.
System Description and Equations of Motion
The system considered in this work is depicted in Fig. 2 . The primary (main) system is linear and composed of two weakly coupled, nonconservative oscillators. The small parameter 0 < ε 1 is introduced to scale the different stiffness elements of the system; in that respect, the term "weak stiffness" should be understood with reference to the grounding springs of the primary system. A NES given the label "1" or "2" is attached to each of the masses of the primary subsystem (labeled similarly) through weak linear stiffnesses. Each NES possesses a linear internal restoring spring together with a clearance stiffness. We wish to study this system as a shock isolator, i.e. with regard to its capacity to limit transient disturbances generated at the upper mass of the primary system from being transmitted to the lower mass (and vice versa).
Unless mentioned otherwise, the masses of the system are assigned the values m 1 = m 2 = m 3 = m 4 = 1/2 and M 1 = M 2 = 1. The nonsmooth stiffness characteristics of the two NESs are piecewiselinear, and are given by
where
, and e 1 , e 2 denote the clearances at the upper and lower NES, respectively (cf. Fig. 2 ). We note that in the limits k 11 , k 21 → ∞, the nonlinearity approaches the vibro-impact limit; hence, the nonsmooth NES design of Fig. 2 can be extended to the vibro-impact case as well.
At this point we introduce the new variables
In physical terms, the variables v 1 and v 2 are the relative displacements of the internal masses m 2 and m 4 of the two NESs with respect to their frames, whereas u 1 and u 2 are proportional to the motions of their centers of mass. In terms of the new variables the equations of motion of the system are expressed as follows:
It is assumed that the system is initially at rest. Since ε is a small parameter, it is of interest to first examine the dynamics in the limit ε → 0. In that case the centers of mass of the two NESs perform rigid body motions (of zero frequency), and the remaining four equations degenerate into a set of uncoupled single-degree-of-freedom linear or nonlinear oscillators. Since the system has a zero initial state and the external forcing is applied to the upper mass of the primary system, it follows that in the degenerate case only that mass oscillates with nonzero amplitude. Hence, the dynamics is trivially partitioned into "fast" (the oscillation of the upper mass of the primary system) and "slow" (the zero motion of all other masses) components.
In the nondegenerate case corresponding to 0 < ε 1, the six equations of motion become coupled, but a slow-fast partition of the dynamics is still possible. Clearly, the coupled oscillations u 1 (t) and u 2 (t) of the centers of mass of the two NESs should still be slow as small perturbations of rigid body motions. The other four responses, however, will be influenced by the nonlinear interactions of the NESs with the masses of the primary system. Under conditions of 1 : 1 resonance capture (i.e. of transient 1 : 1 resonant interaction) these oscillations are expected to consist of fast oscillations at frequencies close to or combinations of ω 1 and/or ω 2 , modulated by slowly varying envelopes. These slow envelopes represent the slow dynamical interaction between the NESs and the primary system under conditions of resonance. From the above it follows that of main interest to the study of the shock isolation properties of the system is the examination of the four responses v 1 , v 2 , y 1 and y 2 .
In order to assess the effectiveness of the shock isolation we must introduce at this point certain quantitative measures. Referring to Fig. 2 , the principal aim of the shock isolation design is to reduce the maximum level of vibration transmitted from the upper to the lower mass of the primary system. The basic thesis of this work is that this aim can be achieved by passively transferring (pumping) a significant portion of the externally induced energy [generated by the force F (t)] from the mass M 1 of the primary system where the external force is applied to the NESs. To get a quantitative measure of the energy absorbed by each of the NESs, we compute the portion of total energy dissipated by the corresponding damper of the NES versus time,
where i = 1, 2 refers to the upper (1) and lower (2) NES. The quantity E tot is the total external energy applied initially to the system. Assuming that the force F (t) is of finite duration T , the total initial energy is computed as
An additional quantitative measure to study the efficacy of the NESs for shock isolation is to compute "nonlinear shock spectra;" these are plots of the maximum level of vibration of the lower mass of the primary system for varying frequency squared ω 2 1 (cf. Fig. 2 ) as the applied force and all other system parameters are held constant. The use of shock spectra is a standard technique for designing linear shock isolation systems. Although in the nonlinear case the use of such spectra is limited by the dependence of the results on the magnitude of the excitation (or energy of the motion), nevertheless they provide a quantitative measure to judge the effectiveness of the NESs as the duration of the transient shock varies compared to a characteristic time of the system (such as either of the periods of the primary system, T i = 2π/ω i , i = 1, 2). Moreover, one can compare the nonlinear spectra with the spectra of systems of similar designs in order to quantify the dynamic effect of the NESs.
We note, in addition, that since the system of Fig. 2 possesses a symmetrical design, it is capable of dual-mode shock isolation, i.e. of preventing transient disturbances generated at either mass of the primary system from being transmitted to the other. Clearly, the isolation is achieved through passive nonlinear pumping of energy to the attached NESs.
Shock Isolation Through Nonlinear Energy Pumping
In the following series of numerical simulations we considered finite half-sine external excitations of the form
All numerical simulations were carried out with MATLAB. In Fig. 3 we depict the fraction of total energy dissipated by the dampers of the two NESs for varying clearance e 1 of NES 1. For this series of simulations the characteristics of the force were set equal to A = 10 4 and T = 10 −4 , whereas the other parameters of the system were assigned the following values: ε = 0.27, λ = 0.1, ω 2 1 = ω 2 2 = 0.5, e 2 = 0.05, k 12 = k 22 = 0, k 11 = 10 2 , k 21 = 10,
To obtain these results we integrated the equations of motion and computed the transient portion of energy dissipated at each NES, E i (t), through relation (4). The values depicted in Fig. 3 are the approximate asymptotic limits of E i (t), i = 1, 2, as time increases and the total energy of oscillation tends to zero. From the plot of Fig. 3 we conclude that the maximum portion of energy dissipated at the NESs is approximately 75% and occurs for e 1 ≈ 0.23. For clearances greater that this critical value the internal mass of NES 1 does not possess enough amplitude to overcome the clearance in order to reach the stiffness k 11 , and, as a result, the nonlinear effect in NES 1 is eliminated. Note that even above this critical clearance value the damper of the NES 1 still dissipates about 42% of the total energy input, but this amount is not affected by e 1 anymore. For e 1 > 0.23 there are still nonlinear effects in the system through the clearance nonlinearity in NES 2; this nonlinearity is still active since the amplitude of its internal mass has enough amplitude to overcome the smaller clearance e 2 and interact with spring k 21 (in fact, there is an increase in the amount of energy dissipated in NES 2 for e 1 > 0.23).
Referring to the plot of Fig. 3 , we note that in the range of small clearances there is an almost linear increase of total energy dissipated versus clearance e 1 . The ineffectiveness of the NES 1 for small clearances e 1 can be explained by noting that the internal restoring stiffness k 11 used in the particular simulations is rather strong; it follows that at low values of the clearance the motion x 1 of the internal mass m 2 of NES 1 is heavily constrained by the restoring spring k 11 and the relative displacement v 1 is small. As a result, only a small portion of the total external energy ends up being dissipated by the internal damper of NES 1. With increasing clearance, the displacement of the internal mass of the sink increases, with a corresponding increase of the portion of total external energy dissipated at NES 1. With increasing clearance e 1 one expects the energy dissipated at the sink to reach a maximum value before settling to a linear motion when the clearance is large enough for interaction between the internal mass and the restoring stiffness to occur. A similar phenomenon was observed in the dynamics of a vibro-impact beam [Azeez & Vakakis, 2001] where Karhunen-Loeve decomposition was used to quantatively identify regions of maximum nonlinear vibro-impact interaction between the beam and the rigid boundary where impacts occurred. The effect of increasing the level of the external force on the portion of energy dissipated at the NESs is investigated in the plot of Fig. 4 , corresponding to force characteristics A = 10 5 and T = 10 −4 and with all other parameters held fixed. We note that since the system under consideration is nonlinear one expects that the dynamics will change qualitatively (and obviously quantitatively) with increasing energy input. In this case the maximum portion of energy dissipated at the two NESs again is nearly 75% (for the clearance value e 1 ≈ 1.83). For sufficiently low clearances, again there is a nearly linear increase of the total energy Fig. 4 . Portion of total energy dissipated at the NESs as function of clearance e 1 for half-sine input force with characteristics A = 10 5 and T = 10 −3 .
dissipated versus clearance e 1 ; however, as the clearance increases a saturation-like effect is observed, with the rate of total energy increase decelerating with increasing clearance. In Figs. 5 and 6 we depict some of the transient responses of the system in order to quantify the effect of the NESs on the dynamics. The responses in Fig. 5 correspond to point A in Fig. 3 with clearance e 1 = 0.15. For comparison purposes in the same plots we also present the same transient responses of the linear system with no NESs attached. Note the significant decrease in the portion of energy in the primary system with NESs attached [cf. Fig. 5(a) ]; also note the significant reduction (nearly 40%) of the maximum amplitude of y 2 (t) with NESs attached [cf. Fig. 5(c) ]. Clearly, the energy absorbed by the NESs results in a significant improvement of the shock isolation performance of the system. Similar conclusions can be drawn regarding the transient responses depicted in Fig. 6 corresponding to point B (e 1 = 0.23) of Fig. 3 .
The shock isolation properties of the system of Fig. 2 were investigated by constructing "nonlinear shock spectra" of the response. For fixed external half-sine excitation, these spectra depict the maximum amplitude reached by the lower mass of the primary system as function of the natural frequency squared ω 2 1 . Hence, we investigate the maximum amplitude of y 2 (t) when varying the relative duration of the transient excitation with respect to the period of free oscillation of the upper mass of the primary system. In Fig. 7 the nonlinear spectrum is shown for the system with parameters ε = 0.27, λ = 0.1, ω 2 2 = 5.0, e 2 = 0, e 1 = 0.9,
and half-sine force characteristics A = 10 5 and T = 10 −4 . For comparison purposes we also computed the linear shock spectra of the two additional systems: the primary system with no NESs attached, and a simillar system with masses M 1 = M 2 = 2 (that is, when the mass of each NES is integrated to the corresponding mass of the primary system). We note that by adding the NESs we reduced the maximum of the response y 2 (t) by as much as 80% (for Comparison with the linear responses of primary systems with no NESs attached is made. Comparison with the linear responses of primary systems with no NESs attached is made.
ω 2 1 ≈ 5), and, in addition, we were able to nearly eliminate the resonance-like behavior of the linear spectra in the neighborhood of ω 2 1 = ω 2 2 = 5. These results demonstrate a significant enhancement of the shock isolation capacity of the system when the NESs are added.
Similar conclusions are drawn from the nonlinear spectrum of Fig. 8 with e 1 = 0.51, force characteristics A = 5 × 10 4 and T = 10 −4 , and all other parameters held fixed. For this lower force excitation, again there is significant reduction of transmitted amplitude in the nonlinear system compared to the two linear primary systems with no NESs attached. Note, again, the near complete elimination of the linear resonance-like behavior close to ω 2 1 = ω 2 2 = 5. Additional nonlinear spectra computed for higher levels of external excitation (not shown here) confirmed the above conclusions and demonstrated the efficacy of the shock isolation design based on NESs.
Concluding Remarks
The results reported in this work demonstrate the efficacy of using NESs in shock isolation designs.
We showed that NESs with nonsmooth nonlinearities can be designed to absorb a significant amount of the external energy applied to a primary linear system. Moreover, this energy absorption (pumping) occurs in a one-way, irreversible fashion: Once the energy gets pumped into the NES, it remains localized at that location instead of "spreading" back to the (directly excited) primary system. Similar results on nonlinear energy pumping were reported in earlier works, but this is one of the first applications of this interesting nonlinear dynamical phenomenon to systems with nonsmooth nonlinearities.
We emphasize that the significance of using nonsmooth stiffnesses in the NESs lies in the fact that such an element can rapidly absorb a major portion of the unwanted shock energy during the crucial initial stage of the response, shortly after the shock excitation is applied. This feature makes the NES with nonsmooth stiffness an ideal candidate for practical shock isolation designs. Based on the authors' experience with nonlinear energy pumping, to achieve similar rapid energy pumping with smooth stiffness nonlinearities one should resort to high powers of stiffness nonlinearity [Vakakis, 2003] , which is difficult to implement practically.
Finally, we note that the type of nonlinearity utilized herein is easily implementable in practical settings, since it is realized through a linear stiffness and the addition of a small clearance. In the limit of large clearance stiffnesses the nonlinearity approaches the vibro-impact limit. Numerical simulations performed in the course of this study (but not presented here) indicate that increasing to high values the clearance springs k 11 and k 21 (thus reaching the vibro-impact limit) does not significantly alter the energy pumping capacities of the NESs. Indeed, results similar to those reported here hold in the vibro-impact case as well, provided, of course, that the vibro-impacts occur elastically, i.e. not introducing additional sources of energy dissipation (for a discussion of the effects of inelastic impacts on vibro-impact dynamics of elastic systems the reader is referred to [Emaci et al., 1997] ). Hence, the above conclusions hold for the vibroimpact case as well.
